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Equations For Frame Wavelets In 


Xingde Dai 

Dedicated to Zurui Guo 
Abstract 

We establish system of equations for single function normalized tight 
frame wavelets with compact supports associated with 2x2 expansive 
integral matrices in 


1. Introduction 


In this paper will be the two dimensional Euclidean space and and will 
be the two dimensional complex Euclidean space. We will use notations t, s, r, fj 
for vectors in or C^. We will use notation ti o t 2 for the standard inner product 


a 

6 


in C^, its real part is 9Ie(a = 


and its imaginary part is 3m(|) = f 


The measure g will 


of two vectors ti and t 2 - For a vector ^ = 

^e(a) 

^e(a) 

be the Lebesgue measure on and will be the Hilbert space of all square 

integrable functions on A (countable) set of elements {tjji : z S A} in L^(R^) is 
called a normalized tight frame of L^(R^) if 

(1-1) ^K/,z/>.)p = ||/f,V/GL^(R2). 

ieA 

It is well know in the literature that the equation (HU is equivalent to 
(1.2) / = ^(/,z/;i)z/>.,V/GH. 

iGA 

Let be the integer lattice in R^. For a vector £ G 7?, the translation operator 
is defined as 

(T,-/)(t) = /(f-/), V/gL2(R2). 


A square matrix is called expansive if all of its eigenvalues have absolute values 
greater than 1. Let A be a 2 x 2 expansive integral matrix with eighenvalues 
{Ai,A 2 }. The norm of the linear transformation A on R^ (or C^) will be ||A|| = 
max{|^i|, 1/321}- For two vectors ti,t 2 in the Euclidean space R^, we have ti o At 2 = 
A'^ti o t 2 , where A'^ is the transpose matrix of A. We define operator Ua as 

{UAf){P) = {V\det{A)\)fiAi), WfGL^R^). 

This is a unitary operator on H. In particular, for an expansive matrix A with 
I det(A)| = 2, we will use Da to denote Ua and call it dilation operator. 
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Definition 1.1. Let A he an expansive integral matrix with |det(A)| = 2. A 
function ^j; G M. is called a normalized tight frame wavelet, or NTFW, associated 
with A, if the set 

(1.3) {DlT^,nGZ,iGZ^} 

constitutes a normalized tight frame of H. 

Remark 1.1. The function ip is called single function NTFW since the frame 
set foy is generated by one function ip. An NTFW is not necessarily a unit vector 
in H unless it is an orthonormal wavelet. By definition an element tp G is an 
NTFW iff 

(1-4) ||/f= E l(/,4?A7>0)|^V/GL2((M2). 

nez,iez2 

By do]) this is equivalent to 

(1.5) /(i) = ^ (/, D\T^)D\T^{f),'if G L^(R^), t G a.e. 


The literatures of wavelet theory in higher dimensions are rich. Many authors 
provide significant contributions to the theory. It is hard to make a short list. 
However, the author must cite the following names and their papers, 

Q. Gu and D. Han [8] proved that, if an integral expansive matrix associates 
with a single function orthogonal wavelets with multi-resolution analysis (MRA), 
then the absolute value of the matrix determinant must be 2. These orthogonal 
wavelets are special single function normalized tight frame wavelets. In this paper 
we will construct single function normalized tight frame wavelets with compact 
support associated with expansive integral matrices with determinant ±2 in T^(R^). 

The existance of Haar type orthonormal wavelets (hence with compact support) 
in L^(]R^) was proved by J. Lagarias and Y. Wang in [2]. The first examples of 
such functions with compact support and with properties of high smoothness in 
L^(R^) were provided by E. Belogay and Y. Wang in [3]. The goal of this paper is 
to prove that every solution to the system of equations (EH) will generate filters for 
normalized tight frame wavelets. In applications, we just need to solve the systems 
of equations for filters which is feasible by exiting computer programs. Compare 
with [ 2 ] our methods appear to be more constructive. Also, it provides variety for 
single function Parseval wavelets which includes the orthogonal wavelets. Also, the 
methods in this paper provide a wide base in searching for more frame wavelets 
with normal properties as wavelets in [3]. 

We will follow the classical method for constructing such frame wavelets as 
provided by I. Daubechies in j^. That is, from the filter function mp to the scaling 
function ip and then to the wavelet function ip. To construct the filter function 
mo we start with the system of equations The system of equations is a 

generalization of W. Lawton’s system of equations m for frame wavelets in (K). 

The scaling function (p in this paper is not necessarily orthogonal. So the 
wavelet system constructed fits the definition of the frame multi-resolution analysis 
(FMRA) by J. Benedetto and S. Li in [4] and it also fits the definition of the general 
multi-resolution analysis (GMRA) by L. Baggett, H. Medina and K. Merrill [l]. 
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2. Reduction Theorems 


In [ 3 ] they also prove that every expansive 2x2 integral matrix with | det(A) | = 
2 can be expressed in the form SBS~^ where 5” is a 2 x 2 integral matrix with 
I det(S')| = 1 and B is one of the six matrices listed below, 


■ 0 

2 ■ 


■ 0 2 ■ 


■ 1 1 ■ 


■ -1 -1 ■ 


0 

to 


■ 0 

-2 ■ 

1 

1 

0 


1 

0 

I 

5 

-1 1 

5 

1 -1 

5 

-1 1 

5 

1 

-1 


Proposition 2 . 1 . Let A be a2x2 expansive integral matrix with \ det(T)| = 2 . 
Then there is a 2 x 2 integral matrix S with \ det( 5 ')| = 1 such that SAS~^ is one 
of the following six matrices, 

( 2 . 2 ) 


■ 1 

1 


■ 1 

1 

CO 


■ 1 1 ■ 


■ -1 -1 ■ 


■ -1 

2 ■ 


■ 1 

-2 ■ 

1 

-1 

5 

1 

-1 

5 

-1 1 


1 -1 

5 

-2 

2 

5 

to 

-2 


Proof. This statement is an immediate consequence of the list (HH]) by E. 
Belogay and Y. Wang and the following calculation. 


■ -1 1 ■ 


■ 0 2 ■ 


■ -1 1 ■ 

2 -3 


1 0 


2 -3 


1 1 
1 -1 ’ 


1 —1 

1 

1 —1 


■ 0 2 ■ 


1 

1 —1 

1 

0 

_1 


0 

1—1 

1 

_ 1 



1 -3 
1 -1 ’ 


■ -1 1 ■ 


■ 0 2 ■ 


■ -1 1 ■ 

1 

0 

I 

_I 


I 

1 — 1 

1— 1 

1 

_1 


-1 0 


-1 2 
-2 2 ’ 


■ -1 1 ■ 


0 

I 

to 


■ -1 1 ■ 

0 

I 

_I 


I 

I 


0 

I 


1 -2 

2 -2 


□ 


Lemma 2 . 1 . Let A be a 2 x 2 expansive integral matrix with \ det(T)| = 2 . For 
a 2 X 2 integral matrix S of \ det(S')| = 1 , assume B = S~^AS. Then 


( 2 . 3 ) UsTflg^ = 

( 2 . 4 ) UsD^Us^ = D^yneZ. 


Proof. Leth G L'^fR'^).By de&nition,UsUs-ih(i) = Ush{S ^i) = h{SS ^i) = 
h{^, so UsUs-i = I. Similarly, we have Us-iUs = I- Therefore, C /5 ^ = C/ 5 - 1 . For 
/e z^, we have 


UsTPs^hi^ 


UsTfJs-M^) 
UsTyiS-^t) 
Ush{S-\t-£)) 
Ush{S-^t- S-^£) 
h{S-^St- S-^£) 
h{t- S-^£) 
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So we have equation (j2.3l). Also we have UsDaUc ^h{t) = \/2h{SAS ^i) = DBh{t). 

So, 


UsDaUs^ 

= Db 

UsD-/Us^ 

= {UsDaUs^)-^ =D-^\ 

This implies that Vn G N, 


UsD'XUs^ 

= {UsDAUs^r = Dl- 

UsD-/^Us^ 

= {UsDaUs^)-^ =D--. 

This proves equation (12.41). 

□ 


Theorem 2.1. Let A be a 2 x 2 expansive integral matrix with \ det(A)| = 2 
and S be a 2 X 2 integral matrix with property that \ det(5')| = 1. Let B = S~^AS. 
Assume that a function ip a is a normalized tight frame wavelet associated with 
the matrix A. Then the function rjB = UsipA is a normalized tight frame wavelet 
associated with the matrix B. 

Proof. By assumption and Lemma [2.11 we have B = S~^AS,Db = Ub = 
Us-IAS = Us-iUaUs = Us^DaUs- Let / G L'^{R'^). We have 

Us^f = E {Us^f,Df,TfPA)DlTfPA. 

Since Us is a unitary operator, we have 


/ = E {f.UsDf,TfPA)UsDlTfPA 

riez.fez^ 

= E {f.UsD\Us^UsTfs^Usf^A)UsDlUs^UsTfs^Usf^A 

riez.fez^ 

riez.fez^ 

E {f.DlTgr^B)DlT^B 

rieZ/GS-iZ2 

Since S is an integral matrix with | det(S')| = 1, we have 1? = SI? = So 

we have 

/ = E {f.DlT^B)DlTf^B 


For f,g € fl the Fourier Transform and Fourier Inverse Trans¬ 

form are defined as 


= ^ ! e--°*f{r)dt = f{s), 

27 !" Jr2 

= ^/ e-°^g{s)ds = g{i). 

277 Jr2 
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The set L^(R^)nL^(R^) is dense in H, the operator T extends to a unitary operator 
on H which is still called Fourier Transform. For an operator V on H, we will write 
TVT~^ = V. We will use the following formulas in this paper. 

Lemma 2.2. Let A be a 2 x 2 expansive integral matrix, then 
= DaT^^, 

Da = U(^A-'^y = = Da^ = D%, 

where is the multiplication operator by Operators Tg,DA,D and 

oltc unitary operators acting on H. 


Remark 2.1. For the translation operator where vector A i is in 

the refined lattice A~'^7? we have T^_ IFe also have D-^(p{i) = 

-^^ip{{A'^)~-^t). We will need this in the proof of Lemma \5.A We leave these to 
the reader to verify, using the same method as in the proof of Lemma \2.A 


Proof. We have 

{Trf){^ 


± [ e-^^°^fit-i)dt, 
27r J-R2 


Asoi 




{M,,^rfm. 




^—iso{A ^u) 


f{u)dv 


Here the substitution u = t — i is used. Next, we have 

0AfM = {DDAffis) 

_ 1 

27r 

_ 1 1 

y/2 2 tt 
_ 1 1 

A2 27r 

Here substitutions u = At and dv = 2dp, are used. So we have 
{DAfm = VdetiiA-^r)-fiiA-0s) 

= iU(^A-iyf){s). 

This implies that 


„-i{A 


/R2 


f{u)dv. 


Da = U(A-y^ = Uf 






Also, we have 


T^Afit) = V2T^f{Afi) 





6 


= V2f{A{t-t)) 

= V2f{At- Ai)) 

= DAT^rfii). 

T^Da = DaT^£. 

□ 


The integral lattice is an Abelian group under vector addition. The subset 
(2Z)^ is a subgroup. For a fixed 2x2 integral matrix A with | det(A)| = 2, the two 
sets AZ^ and A'^Z^ are proper subgroups of Z^ containing (2Z)^. The two quotient 
groups and proper subgroups of the quotient group which 

has 4 elements, { ^ q ^ 1 ) 0 ) ( 1 ) 

If the two elements of the subgroup are 0 + (2Z)^,s + (2Z)^, we will call 

{0, s} the generators for AZ^. We define the generators for A'^Z^ in the similar 
way. AZ^ = A'^Z^ if and only if they have the same generators (in the 4 elements). 


Proposition 2.2. Let A be one of the six matrices in f2.Sj) as in Proposition 
2. A Then there exist vectors £a and (ja in T? with the following properties, 

(1) Z2 = A^I?[2{£a + A^Z2); 

(2) PA o A^Z^ C 2Z and qa o {£a + A^Z^) C 2Z + 1; 

( 3 ) A-qa G ( 2 Z) 2 . 

(4) AZ2 = A^Z2. 


Remark 2.2. Eguation is not true in general. Let A he 


0 -2 

1 -1 


which 


0 1 
-2 -1 


. It is left to the reader to verify 

2 


is in the list 112.1\) . Then A^ = 
that generator for A'^Z^ while the generator for AZ 

{("),(;)}, So 


Proof. 1. Let A = 


1 1 
1 -1 


. Then A'^ = 


1 1 
1 -1 


. It is left to the 


reader to verify that generator for both AZ^ and A'^Z^. 

Therefore, we have equation (4) AZ^ = A'^Z^ 0 since 

AZ2 = ((^ [J )+(2Z)2 )u((^ J ) +(2Z)2), 

A-Z2 = ^+(2Z)2 )u((^ J ) +(2Z)2). 


This also implies that 


Z2\A"Z2 = ( J ^ + (2Z)2)u( J ) + (2Z)") 


- A^Z^ 


^In this example, A = We do not assume this condition in general . 
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Since 


(2Z)2)} 


is a partition of 1?. So, the vector ^ q ^ satisfies the equation 

Define qA = ^ ^ . It is left to the reader to verify that qA o are even 

numbers and qA o {J-a + A'^Z^) are odd numbers since qAoiA = 1- Finally, A'^cja = 


1 1 
1 -1 


G (2Z)^. This proves property (3). 


2. We list all six matrices in the list (12.211 and their corresponding £a and qA in 
the next table. The reader may verify as we did in part 1, the equations in (1),(2) 
and (3) are satisfied. Also, it is left to the reader to verify that for each matrix 
in the six cases, the generators for AAS? and AAl? are the same. So we have now 
established the equation in (|4]). 


A 


A^ 


gen of A'^Z^ £a 


1 -2 

2 -2 


1 

1 


■ 1 

1 

1 

-1 


1 

-1 

1 

-3 ■ 


1 

1 

1 

-1 


-3 

-1 

1 

1 ■ 


■ 1 

-1 

-1 

1 


1 

1 

1—1 

1 

-1 

1 

-1 

1 

1 

-1 

. 

-1 

i 

1 

-1 

2 ■ 


-1 

-2 

1 

to 

-1 


2 

2 


1 2 
-2 -2 


qA 

1 

1 

1 

1 

1 

1 

1 

1 

0 

1 

0 

1 


A^qA 

2 
0 

2 

-4 

0 
2 

0 

-2 

-2 

2 

2 

-2 


□ 


Two subsets Gi,G 2 of are said to be 2-translation-equivalent, or Gi ~ G 2 , if 
there exists a mapping 0 from Gi onto G 2 with the property that 

0 (t) — tG (2Z)^, t G Gi a.e. 

Proposition 2.3. Let A be one of the six expansive matrices in Proposition 
1 2. A qA be the corresponding vector related to A and Tq = [—1,1]^. Then, there are 
two measurable sets Ti and r 2 such that 

2 


Fi 

T2 


Fo; 

Fo; 


2 




























A^To 


2 


riU((fA + r2). 


Corollary 2.1. Let = ttFo = [—7r,7r]^, and h{^) be a 271-periodical contin¬ 
uous function on Then 


(2.5) 


/ h{f)dfi = / h{f)dp,-\- / h{f)dpL 

'A^r^ Jv„+T:qA 


Proof. 1. For any matrix A in the collection 
, A'^Fq has the same vertices of • 


-1 -1 

1 -1 


■ I 

I 


I I ■ 

I 

-I 

1 

-I I 

^ -2 \ / 

^ 0 

1 

0 

0 j’( 

V 2 

)\-2 


and 


By the table in the proof of Proposition 12.21 the above three matrices share the 
I j and Fq C A'^Fq (Figure 1 left). It is enough to discuss 


same vector qA = 


only one of the three cases. 



Consider A = 


1 1 
1 -1 


. Let Fi = Fq and F 2 = A'^Fo\Fi. Notice that F 2 + 


qA (Figure 1, middle) is a disjoint union of eight triangles {Afc,fc = 1,2,-•• , 8 }. 
The following new triangles {A)., k = 1, 2, • • • , 8 } form a partition for Fg modulus 

i —2 

zero measure sets (Figure 1, right). We have A'^ = Ai + 


-2 


• Ao — A2 + 


-2 

-2 


;A'3 = A3 + 


0 

-2 


; A 4 — A 4 


0 

-2 


;A' = As; A' = A6;A; = 


A? + 


-2 

0 


; Ag — Ag + 


-2 

0 


. This proves that + P 2 Po • 


2. Let A = 


1 -3 
1 -1 


. Then = 


1 1 
-3 -1 


and (jA = 


A^Tn is 


the parallelogram ABCD (Figure 2, left). It is 2-translation equivalent to parallel 

{ —2 

ogram BCED (Figure 2, middle) which is the disjoint union of AABD -\- 


BFGD since ADGE = ABFG 


and AGBD. The parallelogram BCED is 2-translation equivalent to rectangle 

0 

-2 


. Now let Fi be the square MJEIK. 














































Figure 2. 

It is 2-translatioii equivalent to Fq since Fq = MJIL\J{LIHK + ^ ^ Le 
Fa = ajBFHijnOMKG. Thus (^(pjBFH + f _*^2 ) = Fq 



Figure 3. ^"^Fo 

3. For any matrix A in the collection 
spending A'^Fq has the same vertices 


-1 2 

-2 2 


and 


the same vector qa = 


(t). 


-4 


-3 

4 


1 -2 

2 -2 

1 


their corre 


0 


-1 

0 


anc 


It is enough to discuss only one of the cases. 
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Let A = 


1 -2 

2 -2 


. Then by Proposition 12.31 A'^ = 


1 2 

-2 -2 


and qA = 


. As in Figure 3 (left), A'^Fq is the parallegram ABCD. So we have 

A^Fo - ABCD[:}{aABD+(^~^^^ 

- l\BED[:}{j\DEC + 


= UBFED. 

So we have shown A'^Fq ^ \ABFED. 

Let Fi = UBHGD and r 2 = UHFEG. We have Fi - Fq since 


UBHGD = □BJ/DUDJiLGI 

- UBJID\^{ujHGI+(^^^ 

= Fn . 


)) 


Also, since GiFlFEG + ( ^j=ro+f^],we have r 2 + Lq. 


□ 


3. Lawton’s Equations and Filter Function toq 


Through out the rest of this paper, A will be one of the six matrices as stated 
in list (12.21) . Let Aq S N and S — {h^ ■. n S be a complex solution to the 
following system of equations 

^3 k G A'^Z^ 

\ SnGZ2 = V^. 

with the property that = 0 for all n G Z^\[—A^oiLet us denote Aq = 
Z2 n [-No.No]'^. Here 5 is the Kronecker’s notation. We will call the system of 
equations dSU Lawton’s system of equations for normalized frame wavelets in 2D, 
or Lawton’s equations. 

Define 

(3.2) mo(t) = ^ E ^ E tG C^. 

This is a finite sum and mo(0) = 1. It is a 27r-periodic trigonometric polynomial 
function in the sense that mo{t) = mo{t + irto), Vto G (2Z)^. 

Proposition 3.1. Let A be an expansive 2x2 integral matrix and qA is as 
stated in Proposition \2.2[ Let TOq be defined as in iS.2\) . then mg satisfies 

(3.3) \'moii)f + |TOo(t*+ 7rgA)|^ = 1, VfG K^. 

Remark 3.1. By Provosition \3.1\ we have |77io(t)| < 1 for all t G K.^. Also, 
/TOP may not hold for t G Gf in general. 
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Proof. We hav^ 

|mo(i^P + |mo(f + 7rgA)P 


E' 

rh£Z^ 


E 


^—imo{t+-K-qA) 


m£Z^ 


1 

2 






— z(m— 


n)oi 


1 

2 


.mGZ2,fceZ2 mGZ2,feeZ2 


Here n is replaced by m + A:. 

By ProDOsition l2.2l is odd when fc G Terms (— 

in the second sum cancel terms in the first sum. The term k o qA is 

even when fc G So by definition of {/ij-} we have 

|mo(t)|^ + |TOo(r+7r^4)|^ = ^ 

mGZ2,feeA’'Z2 

= E E ^op““ = i- 

keA^Z^ \mGZ2 / keA-^Z^ 


□ 


4. The Frame Scaling Function ip 


Define 

-| OO 

(4.1) g(|) = ^ n mo{{An-^i),yi G and 

i=i 

(4.2) ^ = T-^9. 

In this section we will prove that g and p are well defined L^(]R^) functions. 
We will also prove that, in the extended domain C^, g is an entire function and p 
has a compact support in K^. We will call p the scaling function. 

For z G C, define 

r A 0\ ^ \ ^ Z ^ 0 

(4.3) .(^) = |p 

The function v{z) is an entire function on C. 

We will need the following inequality in the proofs of Lemma 14.31 and Proposi¬ 
tion |331 

Lemma 4.1. 

(4.4) |e“*^ ~ 1| E min(2, \z\),^z G C, 3m(z) < 0. 

^In the calculation, the infinite sum is always converging since there are only finite many 
non-zero terms. 
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Proof. Let z = a -\- ih^ with b — CJm(z) < 0. So we have 
(4.5) |e-*"-l| < l + |e-*"| < l + e''<2. 

Next we will show that 

|e"*^ - 1| < \z\,\/b<0. 

We have 

|e“*^ — Ip = — 2e^ cos a + 1 

= {e^ — 1)^ + 2e*'(l — cos a) 

Since e** > 1 + 5, V6 ^ 0, when b <0, b'^ = (—6)^ > (1 ~ e^)^- Also, 2e*’(l — cos a) < 
2(1 — cos a) = 4sin^ | < a^. So, 

|g-iz_i|2 < b^ + a^ = \z\^. 

This proves the inequality. 

□ 


Lemma 4.2. Let A be an expansive integral matrix with |det(A)| = 2, LI be a 
bounded closed region in C^, and dj(^) = — 1. Then 

(4.6) Id,(01 < Co||(A0-'|P',Vj G N,e e 

for some constant Cci > 0. 


Proof. By definition of hg we have 
MiK)! = |mo((V)-jy) - 1| 






neZ2 



V2 ^ 


— ino^A^) _ 


1 ) 


neAo 


^ hfiv{-ino {A'^) ^ 0 [-mo(A^) 


neAo 


o (V) ^01 • I - in O (A^) 

since |/i„| < 1 by Reniark l 3 .ll 

For n G Aq,^ G 11 , we have |^| < Mn for some Mq > 0 , and 

I -ino(yl0-^c1 < V2No-Mn ■ ||(A0-'|K = CilKV)-^^' < Ci. 


where Ci = ANqMq. Let C 2 be the finite least upper bound for continuous func¬ 
tion |u(z)|, |z| < Cl. 

So, we have 

|d,(OI < ^(21Vo + 1)2 CiC2||(A0-'||A 

Therefore 


(4.7) IO(OI<C^all(AO-'IP 

where Cn = ^( 27 Vo + l)^CiC 2 . 
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□ 

Proposition 4.1. The function g{^) is an entire function on C^. 

Remark 4.1. By (13.31) and definition of g, it is clear that the function g is 
bounded on R.^. 

Proof. For J G N, define 

1 

(4.8) gj{i) = ^ S 

It is clear that gj is an entire function. We have 


1=1 

=^ri(i+<iio) 

By Lemma ir^ ^ \dj | converges uniformly on bounded region 11, the product 
n^o(4 + Ml(01) converges uniformly on 11. This implies that g is the uniform limit 
of a sequence of entire functions gj. By Morera Theorem g is an entire function on 
C^. □ 


Proposition 4.2. The functions g and ip are in L^{ 

Proof. Will use Ptt to denote [—tt, tt]^. For J G N, we define on 
' n/=i i™o((v)-^o|2 if e G (A-)^+iF^, 

0 if ^G 


MAO = 


Since A is expansive, A'^ is expansive. We have lim Mj(^) = 47r^|g(^)p,^ G R^. To 
prove the Proposition, by Fatou’s Lemma it suffices to show that {/j^a Mj{0d0 J S 
N} is a bounded sequence. 

We have 

» » .7 


MAOdf = 


/ n \mA{AA-'^0?dO 

l{A^y+^T^ 


J-1 


l{A-y{A-T^) 


\mA{AA-^0? • n \mA{AA-'^0?dO 




Use ff = {A^) by Proposition 12.31 we have 

/ MAOdi = \det{{AAA\ [ \mom^- ]i\mo{{AA'^v)M 

= |det((A^)“')|( f |mo(?7)p- y[ \mo{{A'^)^g)\‘^dr] 

^ T TT ^ _1 


. 7-1 


m—1 


J-1 


Ir^+TrqA 


I"1o(7?)MI \mo{{An"^v)\^drf) 
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= \detiiA-y)\n \mom^-Yi\mo{{An^v)\^dff 

m=l 

„ , 7-1 

+ / |mo(77-7r^4)p • \moiiA'^)'^ri - TT{A^)'^qA)\‘^drf^ 

•^r,r J„=l 

Since toq is 27r-periodical, and by Proposition 12.21 equation ([3]) we have A'^qa G 
(2Z)^, so TT{A^)‘^q G 7r(2Z)^. By Corollary 12.II we have 


j-i 


Mj{i)d^ = \det{{A^y)\(^ f |too(7?)P • J| |mo((^^)™?7)Prf?7 

m=l 

» . 7-1 

+ / |TOo(rf+7r^4)p • |TOo((A^)™77)pd77) 

. 7-1 

= |det((A’')“')| / {\rno{rf)\^ + \rno{ri+TrqA)\y-Y[\rno{{A^)^q)\^drf. 


m—1 


By equation (13.3p and then using substitution ^ = {A^y^^ we obtain 


, 7-1 

= |det((Gl")‘^)| / n 


, 7-1 




This proves that the sequence Mj{^)d^,J G N is a constant sequence. There¬ 
fore, g is square integrable on K^. By Plancherel Theorem the function (p which is 
the Fourier inverse transform of g, is in L^(]R^). 


□ 


Next, we will prove that the scaling function ip has a compact support in K^. 
We will need the following Schwartz’s Paley-Wiener Theorem. 

Theorem 4.1. (Schwartz’s Paley-Wiener Theorem) An entire function F on 
C‘^, d G N, is the Fourier Transform of a distribution with compact support in if 
and only if there are some constants C\ N and B, such that 

(4.9) \F{y)\ < C{1 + Vf G 

The distribution is supported on the closed ball of center 0 and radius B. 

Remark 4.2. In our current situation, d = 2 and the distribution p is a regular 
if (R^) function as we proved in Proposition I4.£l 

Lemma 4.3. There exist constants Bo,Co such that for all j G N, ^ G C^, 

<e^»ll(^^)-'ll^l"-(f^l(l + Comin(l,|l(A")-i|n^^ 
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Proof. Let j G G and (A^) = 

Z2 by 

£ = 

^m. 


a 

a 


-No, if 3m(^^) < 0; 


e C2. Define £ 1 -= ' 


m = 1, 2. 


No, ii3m{U)>0- 

then IIm^(n—< 0 for n G Ag. We have |(n—^)| < 2\/2No,'in G Ag. 

We denote Bq = 4\/2No. It is clear that 1^1 ^ and |(n — ^)| < By Lemma 
Q] we have 

|g-z(n-f>)o((AD-a-) _ i| < niin(2, l(n - f^) o ((A^)-J^^I),Vn G Ag 
So, we have 

(4.10) |g-*(S-%)o((AD-a-) _ i| < niin(2,Bg||(Aa-i^ia),VnG Ag. 

We also have 

|g-if^((AD-^l)| ^ g/jo((AD-"3m(a) 

< e'ai 

This implies 


(4.11) 

Since 

mg((Aa-^D = 


I —iirO 

e « 


((^D“a-)| 


< e 


So||(A-)-'||^pm(OI 


figz2 V 2 


^ V2 


n^Ao 






n^Ao 


By (14.101) and (14.lip we obtain 

|mg((Aa-''e)l < |e-*'>((^")''«)|(l+ ^ J-\hn\ ■ - 1))| 

SgAo 

< e®«ll(^")”'ll'l^'"(«^l(l + ^(2Afg + l)2min(2,Bg||(Aa-i'|Cl)) 

v2 

< e^‘>ll("^")“'ll'l^’"(«)l(l + Cgmin(l,||(Aa-i^ie1)). 

where Cg = max('a2(2A^g + 1)^, ^{2No + 1)^). 

□ 


Proposition 4.3. The scaling function (p is an L^(R^) function with compact 
support. 

Proof. Let ^G 7^ 00 By Schwartz’s Paley-Wiener Theorem, it suffices 
to prove that the function g satisfies the inequality (14.91) . 

^The case wlien ^ = 0 is trivial. We omit it. 
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We write P = ||(A'^) ^|| Since A is expansive, /? € (l,oo). We have 

oo 

i=i 

where B = So by Lemma 03] we have 

^ OO 

i=i 

1 OO 

< — P[ eSoll(A")-blb3m(ai (1 + Co min(l, ||(V)-i||3|||)) 

^ i=i 

OO 

< n (1 + Comin(l, ||(V)-i3|^-|)) 
i=i 

= 11(1+Co mind, |))^ 

i=i ^ 

On the other hand, the sequence {/J^} is monotonically increasing to +oo. Let 
Ij = [/33,j g N and /g = (0,/3). The set of intervals {Ij,j > 0} is a partition 
of (0,oo). So 1^1 S /jo for some integer jo > 0. We have 

(1 +(7^)30 = ^jolog^(l+Co) 

< (1+C'o) 

< (l + IClr, 


where N is the smallest natural number no less than log^(l + C'o). This is a constant 
related to A and No only. So, we have 

kai < + f[ (H-Comin(l,M)) 

< (l + |||)^e«P-(?)l.(± f[ (i + Comin(l,M))). 

^ t=Jo + l ^ 


Now, since ||| S Ijg = ,/33o+i), ^ ^ 

n (l + Comind.M,) = ^ fj d + CoJL.^^^) 


1 

27r 


i=to+i 


27r 

i=io+i 

< -n(i+^) 


'/3J0+1 ^j-Oo+i)' 


27r 

A;=0 

1 y ^ 

< — 

27r 


.. Y' ^0 

Denote C = ^. This is a constant decided by the matrix A. 

Combining the above argument, we have 


□ 
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5. Normalized Tight Frame Wavelet Function ip 

In this section we will construct a normalized tight frame wavelet function pj 
associated with the scaling function By definition (HU) and Lemma l2.2l we have 

1 °° 

0{s) = =mo{{A^)-^s) ■— Y[mo{{A^)-^^) 

= mo{{A^)-^s)g{{An-^s) 

^ fie Ao 

= ^ hfiTA-inDAgi^ 

n^Ao 

= ^ hftDATfiipi^- 

nGAo 

Taking Fourier inverse transform on two sides, we have 

(5.1) ^ hfiDATfi(p, or 

neAo 

(5.2) y)(t) = ^ hfHp{At — ft), t S K^. 

neAo 

Define 

f 0 fi G AlI? ^ 

= | 1 niAl?. 

Remark 5.1. It is clear that we have aA{u + Av) = aA(,'u),'^u,v G . By 
Proposition mm A'L'^ = A'^1?, so we have aA{n) = 0 if and only if ft G A'^J?. 
Furthermore, we have (Ja{(-a) = 1 and aA{^A — n) = 1 — crA(ji),\/n G lA. 


Definition 5.1. Define a function ip cm by 


(5.3) 

if 

= {—lY^^‘^^h^^_^DATfi‘p, or equivalently 



fieiA 

(5.4) 

ipii) 

= V2 ^ {-lY^^^^h^^_^ip{At- n)ytG K". 


nei'^ 


In this section we will prove that the function i/) is a normalized tight frame 
wavelet associated with the expansive matrix A. It is clear that the function ip has 
a compact support since the scaling function g) has a compact support and the sum 
in the definition for ip has only finite non-zero terms. For J S Z, and / G L^(IR^) 
define 


kei? 

keiA 


Lemma 5.1. Let f G L^(K^). Then 
(5.5) Ij+i = Ij + Fj,VJ G Z. 




18 


Proof. 1. The case J = 0. By the equation (EU, Definition O and Lemma 
12.21 we have 




feGZ^ 


H (/’ hpDATp>p)T^ hDATqip 

feGZ^ 962^ 


k^I? 


DAT^>f)DATfi(p 

Fo 




feGZ^ 


feGZ^ P6Z2 qGZ^ 

pGZ2 qGZ2 fegZ2 

Using substitutions rii = p + Ak and n = q + Ak, we have by Remark 15.II 


Iq — EE ^m-Afe^n-Afe(/’'^'47k‘^)DA'Lre(/J 
rn,neZ‘^ k^I? 

rh,n<^I? fcgz 2 

m,neZ^ fegZ^ 

We will use notations 

Om.n = Y^ ^m-Ak^n-Ak ~ E ^m+t^n+t^ E ^i+{m-n)^i^ 

k&'^ t^AIA l^n+AI? 

^ (_1'\<^A{m)+(TAin)i^ _T— 3 

1 -^1 "'lA-m+Ak"'iA-n+Ak 

fcGZ2 

If m — n G ZZ^, then cr(m) = aA{n), (—= 1 and (/a — m + 
Z'^Z^)U(n + A^l?) = Z^. By Lawton’s equations (I3.1L we have 

fAm,n+Pfh,n = E ^t+(m-n) "*“ E ^l+{m-n)^i 

^Cn+AZ^ —'?^+AZ2 

= Yh^)h^=S^A- 

iGZ2 

If rh—fi G then exactly one element of rn and n is in Al? and the other 

one is in /a + ^2^- Then (_i)o’ 2 i(™)+'^A(n) _ _]^ (/a —hT.+24'’’Z^) = {n + A'^7?). 
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Hence, 


Therefore, we have 

^0 + ^0 


fen+A^Z2 iGlA-rn^A^Z^ 

0 — ^rh,n- 

^ ^ {^rn,fi T l^ifi,fi){,f-1 ^A^fi^ 

rh,n^Z'^ 

5m,n{f^DATff,ip)DATiiip 

m,neZ2 

Y,{f,DATj:^)DAT^,^ 

h- 


This is 

(5.6) (/, DaTj:^)DaT^,v = E (/’ + E (/’ 

k£l.^ feGZ2 feGZ2 

2. The general case. Let / S L^(R^). We replace / by {D\y f in equation 
(15.6D where D\ is the unitary operator dual to Da- Then we have 

E {{DiYf, DATj:yDATj:^ = E ((^a)*/, + E ((^i)*/, T^Y)Tzy 

feGZ2 feGZ2 fcGZ2 

Apply to both sides of the equation. By using {{D'Y)*f,h) = {f,D'^h), we 
obtain the desired general equality (Ol) . 

□ 


In the rest of this section, we will establish the main result of this paper. We 
state Theorem IQ first. We will complete the proof through lemmas and proposi¬ 
tions. For / S L^(R^) and J S Z, we will use the following notations. 

= E Iin particular 
fGZ2 

Loif) = 

1(^1? 

For a positive number p we define functions fp and /p by /p = / • X{|t|<p} and 
f-p = f ■ X{|t|>p}j respectively. Here y is the characteristic function. Then we have 
/ = fp+f-p- Also, it is clear that ||/|p = ||/f = ||/p||^+|l/pP, limp^oo ||/p|P = ||/f 
and limp^oo ||/p|P = 0. 

Theorem 5.1. Let ip he as defined in DeHnition \5.1[ Then, {D\Ty!,n G Z, /g 
If} is a normalized tight frame for L^(]R^). 

Proof. Let / € L^(R^). We will prove that 

(5.7) / = EE {f,DlTy,)DlTy,, 

the convergence is in L^(]R^)-norm. 
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By Lemma [5TH we have Ij — Ij-i = Vj € Z. Hence 

j 

Y, F,=ij-i_jyj€Z. 

3=-J+l 

This implies that 

.7 

j = -J + l fgZ2 

= Y DiT^)DiT^ - Y (/> 

7GZ2 

Taking inner product of / with both sides of the equation, we have 

,7 

E EK/’^aTV</’)P = Lj{f)-L.j{f). 

j=-J+l 

By Proposition 15.11 and Proposition [5^ we have 


hin Lj{f) = ll/f; 

.7->+00 

lim L_j(/)=0. 

J —^~1“00 

So, we have 

^ Y \{f.D\T^)\^ = ll/f ,V/ G LfRf. 

iGZ /gz2 

□ 

To complete the proof of Theorem 15.11 we will prove Propositions 15.11 and 15.21 
and related Lemmas, we first need the following 

Lemma 5.2. Let f G L^(]R^). Then 

(5.8) Lj{f)=Y\{f^DiT^)\^ < (2i? + l)2||^f||/f,VJGZ; 

fGZ2 

(5.9) lim limsupLj(/p) = 0. 

p^oo j_,,+oo 

Proof. By Proposition |431 the scaling function (p has a compact support. Let 
B be a natural number such that the set contains the support of (p. We 

will write Eq = [—= [—B — ^,B + i)^ and Ab = fl [—B,B]'^. For 
n G Z^, we have n = (2B + 1)/+ (//g Z^,dG Ab- Here / and d € Ab are uniquely 
determined by n. We have 

Z2 = y y (2H + 1)/+ d 

deAs ^gz2 

This is a disjoint union. Also, {Eb + {‘2,B + 1)£, I G 7?} is a partition of R^. Hence 
for a fixed dG Ab, {Eb + (25 + l)i + d,i G 7?} is a partition of R^. Note that the 
set Eb + (25 + 1)£ + d contains the support for Tftp, where ft = (25 + l)i + d. So, 
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for a fixed d G Ab, supports of functions in the set {Tfnp, ft = {2B + l)£ + d,i G 
are disjoint. Then we have 


Loif) 


E E K/ ’ '^(2B+l)/+dV)l 

deAB ^GZ2 


E E 

deAB ^GZ2 


Jg^2 ^EB + i2B+l)e'+di^-f 


< 


< 


E 

deAs 


ii^f E 




\f&\ 



MW<{2B + rfM\W. 

deAs 


So we have 

LAf) = <i2B+inA\^\\iDi)Ar 

/gZ2 

= AB+iryrwff- 

So we have (|5.8I) . Since limp_>oo ||/p|| = 0, the equality (15.91) is an immediate 
consequence of the inequality (15.81) just proved. 

□ 


Proposition 5.1. LetfGL^(R ). Then 

lim L_j(/)=0. 
J —^-j-OO 

Proof. Let / e L^(]R^). We have 

L_Af) = 

= E Ek/-^A2r+i)/+.-^)i' 

!?gAb 


dGAB ^GZ2\{0} 


dGAB 


For each d G As, {Eb + (25 + 1)/+ d,i G Z^} is a partition of Z^. It is clear that 
Eq C Eb + (f and {Eb + (25 + 1)1+ d)+iEQ = 0,V/g Z^\{0}. The support of the 
function D'^'^Tgip is contained in A'’[Eb + £)■ We have 

E ^(2B+l)f+d^)l 

fGZ2\{0} 

“ E / AAd(EB + (2B+l)£+T) ■ / ■ ^{2B+l)i+dlP^d‘ 

fGZ=\{0} 

E 


< 


fGZ2\{0} 


/A-'(BB + (2B+l)£+d) 


I/I '^(2B+l)i+d!T\\ 
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< 


m^\A-^Eo 




Since A is expansive, limj_,.+oo A-^Eq = limj_,.+oo J^ 2 \^jeo I/I^ = 0. So 

XI X l(/>^A“'^(2B+i)f+dV')l^ ^ [ \f\^dn = 0. 

J-S-+00 ^ T- > -r J^+oo J^2\yi_JE„ 


deAs ^GZ2\{0} 

To complete the proof of this Proposition, we need to show that 
(5.10) hm ^ |(/,Zl^‘'r,-<^)p = 0. 

J—^ + OO - 


deAs 


Let /at = X[-N,N]^ ■ /■ Let e > 0, and choose fV G N be large such that \\f — JnW < 
Then we have \{f, D2-’Tj<p)\ < \{fN, D2-^Tj<p)\ + §. Since 

\{fN,D^JT^^)\ = \{Dif^,T^^)\ 

= \{XA--’[-N,NpD'J^fN,Tjip)\ 

= \{D'ifN,XA-J[-N,N]^Ti^)\, 

we have 

\{fN,D^^T,^)\)f < \\DiM\-J[ \xA-d[-N,NvTj<p\" dfi 

y dR 2 

II • W / \xA-di-N,N]^TM^ dn ■ \\T^\\ 

y dR 2 

(2iV+1)11/1111(^11 

2i 

When J > 21og2 ^(^^+Lllfllll‘^ll ^ have (^^+i)|/llll'^ll <; | |(/^ H“'^T/(^)| < e. 

So limj_>+oo !(/, = 0 for each d G A^. Since As is a finite set, we have 

hrn ^ |(/,i?:^-^r,-<^)p=0. 

J—>-+oo J ^ 

rfeAs 

□ 


< 


Lemma 5.3. Let f G L^(K^) and J G Z. Then 


^.jif) = (27r)2 J2 {Mht- 27r{AryemiA^)-^t - 2^/)^((A-)-^t))df 

fGZ2 

Proof. By Remarks 12.11 after Lemma [2.21 we have D'^T^ = T^_j^Dy Note 


facts that the Fourier transform J" is a unitary operator, D'^tpii) = -^^ip{{A'^)~-^t) 
and {A~‘^£) ot = £o ((A'^)“'^t). We have 

Lj{f) = E 


/gZ2 
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= El/ /('T ■ 


R2 




f . /(,-). fUAr)-Ji)£f. 

fei. 


Take transform dt = d{A'^)'^s = 2'^ds. Note that = K^. We have 


LAf) = 2 


fez2 


„itos 


/R2 


/{{A'^yA ■ AiAds 


Note facts that the function is 27r-periodic in s and that the set {r^ + 27rA:, k € 
Z^} is a partition of where T^ is [—tt, tt)^. We have 


LAf) 


2^EIE 

£eZ^ fcGZ2 


y^°^-f{{AA-^A-md§ 


T\J - 


/r7r+27rfc 


E I E / 27r(A^)“'fc) • ^(r - 27rfc))dr 


fGZ2 fcGZ^ 


E I y ■ E 27r(A^)'^fc) • ^(r - 27rfc))df 

fkz^ feGZ^ 


2 


2 


where we use the transform r = s'T 27rfc accordingly. 

The set of functions G Z^} is an orthonormal basis for the Hilbert 

space fC = L^(r^), the set of all square integrable 27r-periodical functions on K^. 
Denote 

h{i) = ^ At — 2 t:(A'^ yk) ■ ip{t —2Trk)y 

fcGZ^ 

Then by above calculation and Lemma 15.21 

Z1 1 M*) ^ . LAj) < oo. 

fGZ2 


This implies that h G K. = L’^iry and 


1^ 


= E 


h{A ■ 

ZTT 


where || • ||i<; is the norm in /C. Therefore 

LAf) = 2-’A2y"-\\h\\l 

= 2'^A‘^y^ J I J2 (/((^^)^^"- MAy-^k)■ At- 27rfc))i^dr 

feGZ2 
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Here we use a transform t = {A'^) dt = 2 '^ds. So we have 

Lj{f) = / E E ■ f{s- 2n{A-ye) 


feGZ2 £gZ2 


(p{{A^) s — 2 ttI) ■s — 27Tk)jds. 

In the second sum, replace £ hy £ + k, we have 

Ljif) = (27r)^ E [ ^ (f{s-2TT{A^yk) ■ f{s-2TT{A^)Jk-2Tr{A^)J£) 


\T\—J■ 


(p{{A^) s — 2T:k — 2 tt£) ■ (p[[A'^) '^s — 27rfc) ] ds. 
Replacing s by s + 2Tr{A'^)'^k, we have 


Lj{f) = (2^rE 


fcGZ^ 


'(A^)Jr^+2-ir{A^)-’k 


E 271 -(vd’-)'^/) 


(p{{A'^) s — 2 'k£) ■ ^ds. 

Since {(A'^)'^r,r + 2'K{A'^Yk, k £ Z^} is a partition of R^, we have 

Lj{f) = (27r)2 J^ ^ (J{s) ■ f{s- 2'K{AyJ£) ■ (p{{A^)~-^s- 2 tt£) ■ ^((A^)-'^s)^ds. 


The Lemma is proved. 


□ 


Proposition 5.2. ITe have 

(5.11) hm Lj(/) = ||/f,V/GL2(K2). 

J—>- + oo 


Proof. We denote 


Uj{f) = {2nf f{^- f{s)-0{{A^) 0{{Ay-Js)ds 


/R2 


\fis}y27r^iiAy-^s)\^ds, 


Vjif) = (2t)^ f E ■ /(® “ 27r(zl^)'^/) • ^((^4^) '’s- 2 -k£) ■ ^((A^) 

fez2\{o} 

By Lemma lOl we have Lj{f) = Uj{f) + Vj{f). It is enough to prove that 

(5.12) lim Ujif) = ll/lP and 


(5.13) 


hm Ujif) = 11/ 

J—»'+oo 

lim Vj{f) = 0. 

J—y+oo 


1. Recall that A'^ is expansive, so limj_>+oo(A'^)“'^s = 0,Vs G R^. Also, by 
definition of g, Remark |3. II and Lemma Td. 11 27r^(0) = 271^(0) = 1, 5 is continuous 
and bounded on R^. By Lebesgue Dominate Convergence Theorem we have 

lim Uj{f) = lim f |/(^p • |27r^((A^)-'^s)pds 

J—>- + 00 J—>- + 00 J-^2 


ds. 
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= lim / l/(^P • |27rg((A^) 

J-»- + 00 



This proves (|5.12p . 

2. Let p G K."*", Ap be the open ball with center 0 and radius p. In particular, 
Ai is the open ball with center 0 and radius 1. Let Xp Xt be the characteristic 
functions of sets Ap and ]R^\Ap respectively. Define /p by /p = Xpf and define /p by 
/p = Xp/. Since the Fourier transform is linear, we have / = fp + fp- Also, it is clear 

that Wfr = Wlr = ll/pf+ ll/pf, limp^+oo ll/pf = II/IP and limp^+o. ||/p||2 = 0. 

Since is expansive, /3 = ||(A'^) ^|| ^ > 1. Denote a = log^(2p). Let Jp be the 
smallest natural number in the interval (a,+oo). When J > Jp, (A'^)*^Ai contains 
an open ball A2p. Since AiflZ^ = {0}, 27r(A’')‘^Ain27r(A'^)'^Z^ = {0}. Also we have 
A2p C (A'^)'^Ai C 27r(A'^)'^Ai. These facts implies that when J > Jp the distance 
between 0 and 2Tr{A^)‘^£ is greater than 2p. So for each £ G Z^\{0}, the support of 
fp(t) which is Ap and the support of fpit — 2 tt{A^Y£) which is Ap + 27r(A'^)'^/are 

disjoint. This implies that the product fpii)fp{t — 2Tr{A'^)'^£) = 0 when J > Jp. 
Therefore, we have 

lim Vj{fp) = 0,Vp G M+. 

J —^-|-oo 

Together with (I5.12L we have proved that 

(5.14) lirn Lj(/p) = ||/pf, V/G Vp G R+. 


3 . Let Dp = {{fp.DiT^){fp,DiT^) + {fj,,DiTgY{fp,DiT^)). Then 

I^pI < 2 ^ |(/p,DiT,-<p)|-|(/p,Dir,-<p)| 

< 2 \{fp,DiT^)\^- I\{f-p,DiT^)\^ 

V jgz 2 y /gz= 

= 2^Lj{fp)-^Lj{fp). 

By Lemma l 5.21 we have 

\Dp\ < 2 ( 2 i? + l) 2 ||pf||/p||||/p||. 

We have 


LAf)-\\fr 


Lj{fp+fp)-\\fr 

E ifp + fD DiT^){fp + A,DiT^) - ll/f 


= Lj{fp)-\\fY + Lj{fp) + Dp 

= (LAfp) - ll/pf) - ll/pf + LAfp) + Dp. 


By lj5.14L (15.911 and Lemma (15.811 we have 


hmsup \LAf) - ll/f I < 0 + ll/pf + 0 + 2{2B + lA\Yf\\fp\\\\fp\\AP £ 

J—y+oo 
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The left hand side contains no p. Let p —)■ +oo, we have (|5.13p 

lim Lj{f) = ||/||2. 

J —¥00 


□ 


The proof of Theorem 15.11 is complete. 

6. Conclusion 

Let ^0 be a 2x2 expansive integral matrix with | clet(^o)| = 2. We can construct 
normalized tight frame wavelets associated with Aq in the following steps. 

(1) Find a 2 X 2 integral matrix S with | det(5')| = 1 with the property that 
= Aq where A is one of the six matrices in list (|2.2I) fProposition 12.ip . 

(2) Solve the system of equations p.ip 

I = <5(5^, k G A'^h'^ 

\ SftGZ2 kn = V2. 

for a finite solution S — {ha : n G 7?}. That is, the index set of non-zero terms ha 
is included in the set Aq = fl [—iVo,fVo]^ for some natural number Nq. 

(3) Dehne the filter function mg by (13.21) 

mo{i) = T ^ 

nGZ2 

(4) Define a function g by (14.11) . 

OO 

^ 1=1 

The function g is an L^(]R^)-function (Proposition 14.21) . 

(5) Define the scaling function ip by (14.21) 

ip = J^-'^g. 

The scaling function tp is an L^(]R^)-function with compact support (Proposition 

Ol) . 

(6) Let ^A be the vector as in Proposition [521 Define 

, f 0 n G AZ^, 
n^AZ^. 

Define the wavelet function ipA on by (l5Al) 

This is a normalized tight frame wavelet with compact support associated with 
matrix A (Theorem l5.1l) . 

(7) Define the wavelet function ?/; by 

■0(1) = iljA{Si)yt e R^. 

The function 'ijj is a normalized tight frame wavelet with compact support associated 
with the given matrix Aq (Theorem l2.ip . 
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